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In this paper it is shown that any 4-connected graph that does not contain a
minor isomorphic to the cube is a minor of the line graph of Vn for some n6 or
a minor of one of five graphs. Moreover, there exists a unique 5-connected graph
on at least 8 vertices with no cube minor and a unique 4-connected graph with a
vertex of degree at least 8 with no cube minor. Further, it is shown that any graph
with no cube minor is obtained from 4-connected such graphs by 0-, 1-, and 2-sum-
ming, and 3-summing over a specified triangles.  2000 Academic Press
1. INTRODUCTION
Excluded minor theorems typically characterize the structure of the class
of graphs that do not contain a particular graph as a minor. The structure
can then be used to prove other properties of the class of graphs. For
example, Dirac [1] proved that all graphs with no K4 -minor are precisely
series-parallel graphs. Wagner [12] proved an excluded minor theorem for
K5 . Dirac [2] described the structure of all 3-connected graphs with no
disjoint circuits. Lova sz [5] proved the generalization to all graphs with
no disjoint circuits.
Robertson [9] has proven an excluded minor theorem for the graph V8 .
More recently, Robertson, Seymour, and Thomas [10] have found the struc-
tures for highly connected cubic graphs that have no minor isomorphic to the
Petersen graph.
In this paper, all 4-connected graphs that do not contain a cube minor
are shown to be minors of the line graph of Vn for some n6 or minors
of one of six graphs. It is then shown how to obtain all 3-connected graphs
with no cube minor by 3-summing 4-connected graphs with no cube minor.
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2. DEFINITIONS AND NOTATION
All graphs in this paper are assumed to be simple and finite. A separation
of a graph, G is an ordered pair of subgraphs, (H, K), such that E(H) &
E(K)=<, H _ K=G and |E(H)||V(H) & V(K)||E(K)|. The order of
the separation is |V(H) & V(K)|. A separation of order k is a k-separation.
A k-separation is called a vertex-k-separation if H contains a vertex not in
K and vice versa. A graph, G, is vertex-k-connected if |V(G)|>k and there
does not exist a vertex-k$-separation of G for k$=0, ..., k&1. When k3,
a simple vertex-k-connected graph is called k-connected. Every vertex of a
k-connected graph must have degree at least k.
A cyclic separation is a separation (H, K) in which both graphs, H and
K, contain circuits. Suppose k is an integer greater than two. Then a graph,
G, is cyclically-k-connected if G is vertex-2-connected, |E(G)|&|V(G)|+1
is at least k, and there does not exist a cyclic k$-separation of G for
k$=0, 1, ..., k&1. Any cyclically-k-connected graph must have girth
at least k. A 3-connected graph is said to be internally-4-connected if in
every 3-separation (H, K) of G, either H or K contains exactly three
edges.
The operation of identifying the endvertices of an edge and deleting the
resulting loop is called contracting an edge. A graph, H, is said to be a
minor of G if H is isomorphic to a graph obtained by contracting edges of
a subgraph of G. This is denoted by Hm G.
A vertex of a graph with degree three is called a cubic vertex. A graph
in which every vertex is a cubic vertex is called a cubic graph.
A graph that is obtained from a graph J by repeatedly subdividing edges
is called a subdivision of J or a topological J. A vertex of degree distinct
from two in a topological J is called a node of J. If a path in a topological
J has nodes of J as endvertices and no internal vertex of the path is a node,
then the path is called a branch of J. A graph H is topologically contained
in a graph G (or G contains a topological H), if a subdivision of H is
isomorphic to a subgraph of G. This is denoted by H t G. It is straight-
forward to verify that H t G implies H m G, but the converse is false.
The converse is true, however, if H is a cubic graph.
Given two disjoint subgraphs, H and K, of a graph, G, a k-join from H
to K is a set of k disjoint paths each having one end-vertex in H and one
in K. There are two simple 3-connected graphs that are obtained from two
disjoint C4 graphs by adding a 4-join. The graph for which the 4-join
preserves the ordering of the circuits is called the cube. The other graph is
called V8 . These graphs are shown in Fig. 1.
Let H be a subgraph of G. A vertex of attachment of H in G is a vertex
of H that is an endvertex of an edge of G which is not an edge of H. The
set of all such vertices is denoted by W(G, H).
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FIG. 1. The cube and V8 .
For a given subgraph, J, of G, a subgraph B of G is said to be a bridge
of J in G if it satisfies the following three conditions: (1) B is not a subgraph
of J, (2) W(G, B)J, and (3) B is minimal with respect to conditions 1
and 2. The collection of all bridges of J in G is denoted by BG(J). The
vertices common to both B and J are called the feet of the bridge, and a
bridge is said to land on its feet.
3. CUBIC CYCLICALLY-4-CONNECTED GRAPHS
For convenience, let a graph that contains no topological cube as a
subgraph be called a cubeless graph. In this section it is shown that the
class of 4-connected cubeless graphs can be generated from a family of
graphs by repeated ‘‘vertex splits’’. This theorem is used to characterize
cubeless 4-connected graphs.
The most common way to describe a topological cube contained in a
graph is to find two disjoint circuits with a 4-join between them. These
circuits and paths forms a cube if the paths preserve the cyclic ordering of
the circuits. If the result of an operation performed on a cubeless graph G
is a graph that is not cubeless, that operation is said to introduce a cube.
In this paper, let Cn be a cycle on n vertices, K n be the edgeless graph
on n vertices and P10 denote the Petersen graph.
For an even integer, n=2m6, let the graph Vn be defined by V(Vn)=
[1, ..., n] and E(Vn)=[(i, i+1) | 1in] _ [(i, m+i) | 1im] where
all numbers are taken modulo n. This graph is sometimes called the Mo bius
Ladder on n vertices. (See Fig. 2) Note that in this and (almost) all subse-
quent figures, the graph is drawn on the projective plane as a band with
ends identified after a twist. For example, in Fig. 2, 2m is adjacent to 1 and
m is adjacent to m+1.
Lemma 3.1. The graph Vn does not contain a topological cube.
FIG. 2. The graph Vn embedded in the projective plane.
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Proof. Let C1 and C2 be disjoint circuits in Vn . There is an obvious
pairing of an edge of Vn , (i, i+1) with the edge directly opposite, (m+i,
m+i+1). It is clear that any circuit in Vn that is non-essential in the
projective planar embedding given in Fig. 2 contains an edge, (i, i+1), if
and only if it contains (m+i, m+i+1), as well. Also, any circuit that is
essential must contain exactly one edge from each such pair of opposite
edges. Hence, it is impossible to have two disjoint circuits where one is
essential and the other is non-essential. It is well-known (see, for example,
Lemma 2.2 in [4]) that it is impossible to have two disjoint essential
circuits in a projective planar embedding.
Therefore, if C1 and C2 are disjoint circuits of Vn , then they must both
be non-essential and thus of the form [ j, j+1, ..., j+k, m+ j+k, m+ j+
k&1, ..., m+ j, j] for 1 j, km&1. Then there is a unique set of four
disjoint paths from C1 to C2 . The paths do not preserve their cyclic ordering,
hence the union of the four paths and the two circuits is not isomorphic to
a topological cube. Rather, it is isomorphic to a topological V8 . K
Lemma 3.2. The Petersen graph does not contain a topological cube.
Proof. The Petersen graph, P10 , has no circuit of length less than five.
Therefore, if a topological cube were contained in P10 , at least one edge of
each circuit of length 4 must be subdivided. At least three such subdivisions
are required to raise the minimum circuit length to five. This requires at
least 11 vertices in P10 . Hence, there is no topological cube in P10 . K
Let G be a graph with non-adjacent edges e1 and e2 . Let H be the graph
obtained by subdividing both e1 and e2 and then adding a new edge con-
necting the internal vertices of the two paths. This operation is called
adding a handle to G.
The following theorem has been proven independently by Robertson
[9], Wormald [13], Fontet [3] and Kelmans [6].
Theorem 3.3 [Cubic Cyclically-4-Connected Handle Theorem]. The
class of all cubic cyclically-4-connected graphs can be generated by repeatedly
adding handles starting from V6 (=K3, 3) and the cube.
It is trivial to apply the previous theorem to the class of graphs with no
topological cube.
Corollary 3.4. All cubic cyclically-4-connected cubeless graphs can be
generated by repeated operations of adding a handle starting from K3, 3 .
This corollary leads to the first excluded minor theorem for a certain class of
cubeless graphs. This theorem is used in the extensions to theorems about larger
classes of cubeless graphs. This was proven independently by Kelmans [6].
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Theorem 3.5. Let G be a cubic cyclically 4-connected graph that does
not contain a topological cube. Then G is isomorphic to P10 or isomorphic to
some Vn where n6.
Proof. The only way to add a handle to K3, 3 results in a graphs
isomorphic to V8 . It is not hard to show that there are only two ways to
perform this operation on V8 and not create a topological cube. These two
operations result in P10 and V10 . This operation can be done on P10 in
only one way (up to isomorphism) and this introduces a cube. Finally,
consider the graph Vn , for n10. If one of the edges on which a handle
is added is (i, m+i), then adding a handle introduces a cube. Adding a
handle on (i, i+1) and ( j, j+1) always introduces a cube unless i= j+m.
Adding that handle results in a graph isomorphic to Vn+2 . By Lemmas 3.1
and 3.2, neither P10 nor Vn contains a topological cube. K
4. CUBELESS 4-CONNECTED GRAPHS
In this section, some operations that do not introduce a cube are considered
along with a theorem which generates all cubeless 4-connected graphs.
Let y be a cubic vertex of a graph G such that NG(v)=[a, b, c]. Let H
be obtained from G by deleting the vertex y and adding three new edges
to G with endvertices [a, b], [b, c] and [a, c]. The graph H is said to be
obtained from G by a Y2-exchange at y. The inverse operation is called a
2Y-exchange at (abc).
Lemma 4. Let H be a cubic 3-connected graph with no triangles. Let G
be a graph that does not topologically contain H. Let y # V(G) be cubic and
let G1 be the graph obtained from G by adding a triangle on the neighbors
of y. Then G1 does not contain a topological H.
Proof. Assume that G1m H. Then, since H is cubic, G1 t H. If y were
a node of a topological H in G1 , then none of the edges in the triangle
(abc) would be contained in H since H has no triangles. Then H would be
topologically contained in G. Therefore, y is not a node in H in G1 .
Hence, at most two edges incident with y are used in any topological H
contained in G1 . In which case one of the edges of the triangle (abc) could
be used instead. Thus, there is a topological H contained in G2 , the graph
obtained by deleting y from G1 .
It is not possible that all three edges of the triangle (abc) are contained
in H, since H does not contain a triangle. Hence at most two of the edges
in the triangle of G2 are needed to produce a topological H. Assume that
the edge from a to b is not needed. Then H is also a minor of the graph
G3 , which is G2 with the edge (a, b) deleted. Notice that G3 is also
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isomorphic to the graph G with the edge ( y, c) contracted. Therefore,
Hm G, which is a contradiction. K
Corollary 4.2. Let G be a cubeless graph. Performing a Y2-exchange
on a cubic vertex of G does not introduce a topological cube.
Given a simple graph G, let L(G) be the line graph of G.
Lemma 4.3. If H is a cubic cyclically-4-connected graph, then H contains
a topological cube if and only if L(H) contains a topological cube.
Proof. (o) The graph L(H) can be constructed from a cubic graph,
H, by subdividing all the edges of H and then performing a Y-2 exchange
at each cubic vertex. Thus, Corollary 4.2 shows that if H is cubeless, then
L(H) is cubeless as well.
(O) It is straightforward to show that if K is obtained from H by
deleting an edge, deleting an isolated vertex or suppressing a vertex of
degree two, then L(K)m L(H). If H contains a topological cube, then
these operations can be repeated until the cube is obtained. Noticing that
L(Cube) contains a topological cube completes the proof. K
Let v be a vertex of a 4-connected graph, G. A 4-connected vertex split
of v in a graph G is two sets, A1 , A2 NG(v), where A1 _ A2=NG(v) and
min[ |A1|, |A2 |]3. The graph G$ is the graph obtained by replacing the
vertex v in G with vertices v1 and v2 such that NG$(v1)=A1 _ [v2] and
NG$(v2)=A2 _ [v1]. This operation is called a vertex split or splitting a
vertex. This operation is the reverse of contracting the edge (v1 , v2) and
deleting any parallel edges. It is a simple exercise to verify that G$ is also
4-connected.
The following theorem of Martinov [8] is the springboard for generat-
ing all 4-connected cubeless graphs.
Theorem 4.4 [Martinov’s 4-Connected Splitting Theorem]. Let G be a
4-connected graph. Then there exists a sequence of 4-connected graphs
H0 , ..., Ht such that G is isomorphic to H0 , for 1it, Hi is obtained from
Hi&1 by contracting some edge A # E(Hi&1) and deleting any resulting
parallel edges. Moreover, Ht is a graph in one of the following three families:
1. A planar zigzag graph of size 2k (k3)
2. A Mo bius zigzag graph of size 2k+1 (k>2)
3. A line graph of a cubic cyclically 4-connected graph.
The zigzag graphs are defined to be a circuit on vertices [1, 2, 3, ..., n]
plus the n edges: (i, i+2) for all 1in. Again, all numbers are read
184 JOHN MAHARRY
FIG. 3. The planar and Mo bius zigzag graphs.
modulo n. If n is even, the graph is a planar zigzag graph. If n is odd and
at least 5, the graph is non-planar and is called a Mo bius zigzag graph.
Clearly, any planar zigzag graph with 8 or more vertices contains a
topological cube. By Lemma 3.1, none of the Mo bius zigzag graphs contain
a topological cube since they are all minors of Vn for some n6. By
Lemma 4.3, it follows that the cubeless line graphs of cubic cyclically-4-
connected graphs are exactly the line graphs of cubic cyclically-4-connected
cubeless graphs. This analysis along with Theorem 3.5, the generating
theorem follows immediately.
Theorem 4.5. All 4-connected graphs containing no topological cube can
be generated from the following families of graphs by repeatedly performing
all possible vertex splits which do not introduce a topological cube.
1. the octahedron
2. the Mo bius zigzag graphs for (k2)
3. L(P10)
4. L(Vn) for n6.
5. LOCAL STRUCTURE
As it turns out, there is an infinite class of 4-connected graphs that do
not contain a topological cube. They are said to have the X-Ladder struc-
ture. In what follows, we show that in a sense this class of graphs is closed
under vertex splits that do not introduce a cube. If a graph, G, has a
slightly more restrictive structure, then any vertex split of G either intro-
duces a cube or the new graph also has the X-Ladder structure.
Let G be a 3-connected graph embedded in the projective plane. Let C
be a circuit of G which bounds a face and has a bridge, B, that is
isomorphic to K1, 4 . A pair of edges of B are a facial pair if together with
an arc of C they bound a face. If the four edges of B can be partitioned into
two facial pairs, then the bridge, B is called an X-bridge. Notice that if such
a partition exists in a bridge isomorphic to K1, 3&4 , then it is necessarily
unique. If another partition of the edges also spanned two faces, then the
embedding would be in the plane, not the projective plane. A bridge of a
circuit C that is isomorphic to K2 is called an I-bridge.
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FIG. 4. The graph L(Vn) is an X-Ladder graph.
A graph, G, is said to be a sub-X-Ladder graph if G is 3-connected and
can be embedded in the projective plane with a circuit, C, which bounds
a face of G, such that all bridges of C are either X-bridges or I-bridges.
A sub-X-Ladder graph that is also 4-connected is said to be an X-Ladder
graph. Finally, an X-Ladder graph is said to be a Full X-Ladder graph if
V(C)7 and there are at least 6 bridges of C.
Theorem 5.1. If a graph G is an X-Ladder graph, then G is a minor of
L(Vn) for some n.
Proof. Note that L(Vn) is an X-Ladder graph where every bridge of C
is an X-bridge. (See Fig. 4.) Assume that G is an X-Ladder graph with k
bridges on C. Then G is a minor of L(V4k). After deleting alternating
bridges of L(V4k), there are k disjoint bridges on the circuit C. These
bridges can clearly be contracted to the bridges on C of G. K
The set of bridges of the circuit C of an X-Ladder graph is denoted by
BG . The set of vertices in the circuit C is called CG . Given a pair of vertices,
[a, b], in an oriented circuit C the path contained in C with endvertices a
and b which is oriented from a to b is called the (a, b)-arc of C. In all of the
X-Ladder embeddings in the projective plane, let C be oriented left to right.
Remark 5.2. Let G be an X-Ladder graph and let v be a vertex of the
circuit C. Since G is 4-connected, there exist at least two bridges of C of
which v is a foot.
Let a and b be feet of a bridge, B, of C in an X-Ladder graph G. Then
either a and b are consecutive vertices of C or they are said to be on
opposite sides of the bridge B.
Given a vertex v of an X-Ladder graph G, let Bv(G) be the set of all
bridges of C of which v is a vertex. Let Fv(G) be the set of u # V(G) such that
u and v are feet on opposite sides of some bridge in Bv(G). In all of this notation,
the parameter G may be dropped if it does not cause any confusion.
FIG. 5. The only possible configuration of Bd .
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FIG. 6. The seven possible configurations of Bv .
Given an X-Ladder graph, G, with a circuit, C, let [a, b, x, c, d, y] be six
distinct vertices in order around the circuit C. Then the pairs [a, d] and
[b, c] are said to cross. The extra vertices x and y are necessary to avoid
certain degenerate cases.
Remark 5.3. Let G be an X-Ladder graph. If a # Fd and the pair of
vertices [a, d] crosses the pair [b, c], then b # Fc if and only if there is an
X-bridge with feet a, b, c and d.
Remark 5.4. If b # Fc & Fd , Fd=[a, b] and the pairs [a, d] and [b, c]
cross, then Bd must be as in Fig. 5.
Theorem 5.5. There are seven possible configurations of bridges incident
with a vertex, v, in an X-Ladder graph. They are exactly those shown in
Fig. 6.
Proof. This theorem can be easily proven in four cases where v # V(C)
and |Fv |=2, 3 or 4 or when v is the center of an X-bridge of the circuit C. The
three remarks mentioned above are used repeatedly. K
6. BV-PRESERVING MINORS OF X-LADDER GRAPHS
In each of these seven cases, it is shown that in a Full X-Ladder graph
the configuration of Bv ensures that the graph has enough substance
(except for a few cases that will be noted) to guarantee that any vertex split
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FIG. 7. The eleven rooted graphs in H.
performed at the specified vertex that destroys the Full X-Ladder Structure
always introduces a topological cube.
Let G be an X-Ladder graph and let v # V(G). A sub-X-Ladder graph H
is said to be a Bv-preserving minor of G if H is a minor of G in such a way
that no edge of Bv is deleted or contracted, and no edge of CG is deleted.
Given a graph H and a distinguished vertex v # V(H) the pair (H, v) is
called a rooted graph. Let H be the set of rooted graphs in Fig. 7.
The following theorem is proven in Maharry [7]. This is proven by a
lengthy case analysis of each of the seven possible configurations of bridges
landing on a vertex, v, in an X-Ladder graph. The fact that G is a Full
X-Ladder graph forces G to contain enough other bridges to guarantee the
existence of an appropriate Bv -preserving minor.
Theorem 6.1. Let G be a Full X-Ladder graph and let v # V(G). There
exists a rooted graph in H that is a Bv -preserving minor of (G, v).
Let G be a Full X-Ladder graph. Let v be a vertex of G and let (H, v) #
H be a Bv -preserving minor of (G, v). Let A1 and A2 define a vertex split
of v in H. There is a corresponding vertex split in G since NH(v)=NG(v).
Define (H , v1 , v2) and (G , v1 , v2) to be the graphs obtained from (H, v) and
(G, v) by this vertex split. Let V=CH & [v1 , v2]. Throughout the rest of
this section the above definitions of v, H, H , G and G are assumed.
Lemma 6.2. (H , v1 , v2) m (G , v1 , v2).
Proof. Let NG(v) :=[x1 , ..., xk]. By definition, NG(v)=NH(v)=(NG (v1)
_ NG (v2))"[v1 , v2]. Then H "[v1 , v2]=H"v is a minor of G"v with xi fixed
(or rooted) for each i=1, ..., k. It follows that H "[v1; v2]m G "[v1 , v2] with
xi fixed (or rooted) for each i=1, ..., k. Then, since identical bridge structures
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are attached to each of the two graphs at vertices that are fixed during the
contractions and deletions, it is clear that H m G . K
Lemma 6.3. If H is a sub-X-Ladder graph, and G is an X-Ladder graph,
then G is also an X-Ladder graph.
Proof. Consider the embedding of G"v in the projective plane and the
corresponding embedding of H"v. Then G embeds in the projective plane
with CG =(CG"v) _ V as a facial circuit. The bridges of CG fall into two
categories. If B # Bx(G ) for some x # V, then B is also a bridge of CH . Thus,
B is either an I-bridge or an X-bridge. Else if B  Bc(G ) for every x # V,
then B is also a bridge of G. Thus, B is either an I-bridge or a X-bridge.
Therefore, the bridges of CG are all of the right form and G is an X-Ladder
graph. K
Lemma 6.4. BG "Bv(G)=BG "(u # V Bu(G )).
Proof. Let B be a bridge of C that does not contain v. Then B is also
a bridge of C"v in the graph G"v. Therefore, B is also a bridge of CG "V
in the graph G"V. This implies that B # BG and that B is not incident with
either v1 or v2 . The reverse implications also hold. The result follows. K
The following lemma is essential for reducing the question of which
vertex splits do not introduce a cube to a finite problem. It is used through-
out the following section to verify that Full X-Ladder graphs are very
nearly closed under vertex splits that do not introduce a cube.
Lemma 6.5. If H is a sub-X-Ladder graph, G is a Full X-Ladder graph
and |Bv(H)||u # V Bu(H )|, then G is a Full X-Ladder graph.
Proof. Since H is sub-X-Ladder graph, 1|Bv(H)||u # V Bu(H )|. It
follows that V must be nonempty. This, in turn, implies that |CG |
|CG |7. Let BV (G ) be the set of bridges B of BB where B # [Bu(G ) | u #
V]. By Lemma 6.4, the bridges of BG that are not in BV (G ) are exactly
those bridges in BG "Bv(G), while the set of bridges that are in BV (G ) is
[Bu(H )|u # V]. By assumption, this set is at least as large as Bv(H), which
is equal to Bv(G). Therefore, |BG ||BG"Bv(G)|+|Bv(G)|=|BG |6.
Therefore, C has enough bridges and G is a Full X-Ladder graph. K
7. SPLITTING X-LADDER GRAPHS
Theorem 6.1 states that for every Full X-Ladder graph G and for every
vertex v # V(G), there exists some (H, v) # H that is a Bv-preserving minor
of (G, v). In this section, it is shown that for every split of v in every
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FIG. 8. The graphs J1 and J2 .
(H, v) # H either a cube is introduced, the conditions of Lemma 6.5 are
satisfied, or G must be isomorphic to J1 or J2 in Fig. 8.
In Maharry [7] the following theorem is proven using Lemma 6.5 and
analysis of the graphs in H.
Proposition 7.1. Let G be a Full X-Ladder graph such that G is not
isomorphic to either J1 or J2 . Then for every v # V(G) and for all possible
vertex splits performed on v, either the new graph G$ contains a topological
cube or G$ is also a Full X-Ladder graph.
If H is a Full X-Ladder graph, define [H] to be the set of cubeless
graphs obtained by a series of vertex splits starting with H that are not Full
X-Ladder graphs. By Proposition 7.1, for any Full X-Ladder graph, H,
[H][J1] _ [J2].
Simple checking shows that [J2][J1]. Moreover, every graph in [J1]
is an X-Ladder graph. This proves the following strengthening of Proposi-
tion 7.1. This theorem is used to reduce the process of splitting vertices to
generate cubeless graphs by Theorem 4.5 to a finite process.
Theorem 7.2. Let G be a Full X-Ladder graph. Then every cubeless
graph that can be obtained from G be a series of vertex splits is an X-Ladder
graph.
8. GENERATING ALL 4-CONNECTED CUBELESS GRAPHS
Theorem 7.2 allows considerable strengthening of Corollary 4.5 concern-
ing the class of base graphs needed to obtain all 4-connected graphs that
do not contain a topological cube by repeatedly splitting vertices. In fact,
we have the following theorem:
Theorem 8.1. For any 4-connected graph G that does not contain a
topological cube, one of the following is true:
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1. G can be obtained from K5 or the octahedron by a series of vertex
splits,
2. G is an X-Ladder graph,
3. G is isomorphic to L(P10).
Proof. Corollary 4.5 states that each cubeless 4-connected graph can be
obtained by a series of vertex splits starting with some graph belonging to
one of the following families of graphs: Octahedron, Mo bius zigzag graphs,
L(Vn) for even n6 and L(P10).
All of the Mo bius zigzag graphs are X-Ladder graphs. Moreover, all of
them with at least 7 vertices are Full X-Ladder graphs. Therefore, it is not
necessary to split these graphs for it is certain that the only graphs
obtained by such splits that do not contain a cube are X-Ladder graphs by
Theorem 7.2. The only other Mo bius zigzag graph is isomorphic to K5 .
Similarly, for every even n12, the graph L(Vn) is a Full X-Ladder
graph. Hence all of the graphs obtained by vertex splits from these graphs
are X-Ladder graphs or contain a topological cube.
It is also true and routine to check that any split of a vertex in L(V6),
L(V8), L(V10) or L(P10) introduces a cube K
By Theorem 8.1, in order to generate all cubeless 4-connected graphs
there are only two graphs, H, for which it is necessary to determine [H],
namely K5 and the Octahedron.
The set of such graphs is relatively large and tedious to generate by
hand. Therefore, a computer program written by Daniel P. Sanders and the
author was used to generate the set. The program takes a 4-connected
graph, G, as input and produces a list of all graphs obtained by 4-connected
vertex splits from G that do not contain a cube minor. The program does
not check if a given graph is a Full X-Ladder graph. It is necessary to
determine this manually for each graph. Any graph in the list that was
obtained from a Full X-Ladder graph by a series of vertex splits is an
X-Ladder graph by Theorem 8.3. Thus, the analysis of such graphs is not
needed. If the program is run with K5 as the input graph, the program can
be terminated after producing all 4-connected cubeless graphs on up to 13
vertices since all of the graphs on 13 vertices produced are Full X-Ladder
graphs. Of these graphs on 13 or fewer vertices, 69 are not Full X-Ladder
graphs. If the program is run with the octahedron as the input graph, then
only two graphs are produced that were not generated by the first program.
These are the octahedron and C5+K 2 . Thus a total of 71 graphs are
generated that are not Full X-Ladder graphs.
Simple checking of this list reveals that each of them is either an X-Ladder
graph, is a minor of L(P10), has at most 7 vertices or is a subgraph of one of
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FIG. 9. The maximal 4-connected cubeless graphs.
Graph A, B or C. (See Fig. 9.) Notice that Graph A is isomorphic to C5+K 3 .
Thus the following theorem has been proven:
Theorem 8.2. Let G be a 4-connected graph that does not contain a
topological cube. Then G is a minor of L(Vn) for some n6 or G is a minor
of L(Petersen) or K7 , or G is a subgraph of either Graph A, Graph B or
Graph C (shown in Fig. 9).
By inspection of the graphs generated by the computer program,
Theorem 5.5 and the observation that no X-Ladder graph is 5-connected,
the following corollaries are true.
Corollary 8.3. Any 4-connected graph with a vertex of degree at least
9 must contain a topological cube. Graph D (shown in Fig. 10) is the unique
4-connected graph with a vertex of degree at least 8 that does not contain a
topological cube. Notice that Graph D is a minor of L(P10).
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FIG. 10. The graph D embedded on the projective plane.
Corollary 8.4. The graph C5+K 3 and the same graph with an edge of
the circuit removed are the only 4-connected cubeless graphs on at least eight
vertices that do not embed on the projective plane.
Corollary 8.5. The graph C5+K 3 is the unique 5-connected graph on
at least eight vertices that does not contain a topological cube.
9. TREE-DECOMPOSITIONS OF 3-CONNECTED GRAPHS
In this section, the classification is extended to include all 3-connected
graphs with no minor isomorphic to the cube. These graphs have an
inherent tree-decomposition based on their ‘‘4-component.’’ Finally, the
theory is easily completed to include all cubeless graphs.
Let (H, K) be a vertex-3-separation of a 3-connected graph G. Let
V(H & K)=[a, b, c]. Define the graphs H+ and K+ to be the graph H
(resp. K) with a new vertex, vK (resp. vH), and three new edges, [vK , a],
[vK , b] and [vK , c] (resp. [vH , a], [vH , b] and [v , c]).
It is clear that H+ is a minor of G. To see this, let vK be a vertex in
V(K)"V(H). Since G is 3-connected there exist three disjoint (except for the
vertex vK) paths in K from vK to a, b and c. Delete all vertices and edges
of K that are not used in these paths. Contracting each path to a single
edge gives a graph isomorphic to H+.
Theorem 9.1. Let (H, K) be a vertex-3-separation of a 3-connected
graph, G. Let V(H & K)=[a, b, c]. If the cube is a minor of G, then the cube
is a minor of either H + or K+.
Proof. Since the cube is a minor of G, there is a topological cube con-
tained in G. Since all of the vertex-3-separations in a topological cube have
a single node on one side, the vertex-3-separation of G must have one side
that properly contains at most one node of the topological cube. Assume
that side is K. If every node of the cube is contained in H, then clearly H+
contains a topological cube. Then assume that K contains exactly one node
of a topological cube. Consider the node of the cube, vK in K and the three
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paths joining vK to H (which exist by 3-connection of G). Delete all other
vertices and edges in K"[a, b, c] and contract the paths to edges. The cube
is still topologically contained in the resulting graph which is isomorphic
to H+. K
Theorem 9.2. Let (H, K) be a vertex-3-separation of 3-connected graph,
G. Let V(H & K)=[a, b, c]. Define G to be the graph obtained from G by
adding the three edges [a, b], [a, c], [b, c] (without making parallel edges).
Then G m Cube if and only if G m Cube.
Proof. Clearly, Gm G , so if G contains the cube as a minor, G does
as well. On the other hand, assume that G contains a cube minor. By
Theorem 9.1, we can assume, without loss of generality, that H+ also con-
tains a cube. By Lemma 4.1, adding a triangle on (abc) does not introduce
a cube. Therefore, the edges [a, b], [a, c], [b, c] can be removed from H+
and a topological cube is still present. Since this graph is a minor of G, the
graph G must contain a cube as well. K
Therefore, in everything that follows it is assumed that for any 3-separa-
tion (H, K) of a cubeless graph G, the graph induced by the vertices of
H & K is a triangle. With this assumption any 3-connected cubeless graph
is a subgraph of one of the graphs that will be constructed.
There is a second method of separating a graph at a vertex-3-separation
that is used under this assumption. Let (H, K) be a vertex-3-separation of
a 3-connected graph G. Let Z=H & K, where V(Z)=[a, b, c]. By the
previous paragraph, Z is a triangle. Define two subgraphs of G, H2 and
K2 to be the graphs H _ Z and K _ Z, respectively.
Let T be a tree. For each vertex, v # V(T ), let the pair (Gv , 2(Gv))
consist of a 3-connected graph and a set of triangles of that graph. Define
1 be the set of (Gv , 2(Gv)) for all v # V(T ). For each edge e=[v, w] #
E(T ), the function 6 assigns to e a pair of triangles, Zv  w # 2(Gv) and
Zw  v # 2(Gw).
A 3-connected graph that is characterized by (T, 1, 6) is defined by
induction on |V(T )|. If V(T )=, [v], then G=Gv and 2(Gv)=<. Assume
that G has been defined for any (T $, 1 $, 6$) where |V(T $)|<n. Let
(T, 1, 6) be a given tree decomposition where |V(T )|=n. Let v be a
pendant vertex in V(T ), which is adjacent to w. Define T $=T"v, 1 $=1"
[(Gv , 2(Gv))] and let 6$ be the restriction of 6 to T $. Let G$ be the graph
associated with (T $, 1 $, 6$) by induction. Then the graph associated with
(T, 1, 6) is defined to be the graph obtained by 3-summing (G$, Zw  v)
and (Gv , Zv  w). Notice that a tree decomposition (T, 1, 6), does not have
a unique 3-connected graph associated with it. There are six different ways
that two graphs can be 3-summed together.
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Given a graph, G, with such a tree-decomposition, sometimes the tree T
can be replaced by a larger tree with a similar structure that gives a finer
decomposition of G. The tree can be enlarged as long as there is a 3-separa-
tion of Gv for some v # V(T ). By assumption, this 3-separation induces a
triangle. Thus, in a tree decomposition that cannot be enlarged in this way,
all of the graphs Gv are 4-connected or isomorphic to K4 . Such a tree-
decomposition is called a 4-component tree-decomposition. Each graph, Gv ,
is called a 4-component of G. Tree structures of this type will be used to
construct all 3-connected graphs which do not contain a topological cube.
Theorem 9.3. Every 3-connected graph such that the graph induced by
any 3-separation is a triangle admits a 4-component tree-decomposition.
Proof. This is proven by induction on the size of G. If G is 4-connected
or isomorphic to K4 , then such a tree-decomposition exists trivially.
Otherwise, let G be a 3-connected graph with a vertex-3-separation, (H, K).
Let Z=H & K. Both H2 and K2 are 3-connected graphs and are smaller
than G, hence H has a tree-decomposition (TH , 1H , 6H) and K has a tree-
decomposition (TK , 1K , 6K) where all of the graphs in 1H _ 1K are
4-connected or isomorphic to K4 . The triangle Z is a subgraph of H and
a subgraph of K and cannot cross a vertex-3-separation. Therefore, Z must
be contained in some Gv # 1H and in some Gw # 1K . Let T be the disjoint
union of TH and TK plus an edge from v # TH to w # TK . Let 1=1H _ 1K .
Finally, define 6(e) as follows for any e # V(T ):
6H(e) if e # TH
6(e)={6K (e) if e # TK[ZH , zK] if e=[v, w].
Then (T, 1, 6) is a 4-component tree-decomposition for the graph G. K
Now all that remains is to describe a method for determining whether or
not a graph G with a 4-component tree-decomposition, (T, 1, 6), has a
minor isomorphic to the cube.
Let H be a graph that is 4-connected or isomorphic to K4 . Let 2 be a
set of triangles of H. Define the graph 8(H, 2) to be the graph obtained
from H by 3-summing disjoint K4 -graphs onto each triangle of 2.
Theorem 9.4. Let G be a 3-connected graph and let (T, 1, 6) be a
4-component tree-decomposition of G. Then G is cubeless if and only if
8(Gv , 2gv) is cubeless for every v # V(T ).
Proof. (O) Given vertex-3-separation, (H, K), of G that corresponds
to an edge of T either side can be minored down to a cubic vertex adjacent
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to the three vertices of in H & K. Hence, for every vertex v # V(T ), 8(Gv , 2Gv)
m G. Thus if G has no cube minor then 8(Gv , 2Gv) has no cube minor
either.
(o) Assume that G contains a cube and that (T, 1, 6) is a 4-compo-
nent tree-decomposition of G. Let T $T be a minimal subtree such that
a graph with 4-component tree-decomposition, (T $, 1 |T $ , 6|T $) contains
a topological cube. It is shown that, for some n0, T $ is isomorphic
to K1, n .
Assume that T $ is not isomorphic to K1, n . Then there exists an edge of
T for which both endvertices have degree at least two. Let a # E(T $) be
such an edge with end vertices s and t. Let Ts  t=[xH , yH , zH] and
Tt  s=[xK , yK , zK] be the triangles of 6(a). Consider the separation
(H, K) in the original graph G. Then either H+ or K+ contains a cube by
Theorem 9.1. The vertex of H+ that is not in H can be assumed to be in
Gs . Hence, none of the vertices of NT (s) other than t are needed to find a
topological cube in 1 $. This contradicts the minimality of T $. Therefore T $
is isomorphic to K1, n .
Assume that T $ is isomorphic to K1, n where n is at least two. Let V(T )=
[a, b1 , ..., bn] and E(T )=[(a, b) | i=1, ..., n]. Let xi # V(Gbi) for each
1in. Let 2 be the set of triangles Za  bi for 1in. Reduce each
graph Gbi to the vertex xi joined to Ga by three paths by deleting and
contracting edges. This does not destroy the cube since each of the Gbi
could at most one node of the topological cube. This graph is isomorphic
to 8(Ga , 2). This proves the theorem if n2.
Otherwise, T $ is isomorphic to K2 or K1 . Assume V(T $)=[a, b]. One of
the graphs associated with the vertices of T $ contains at most one node of
a topological cube. Assume that the node corresponds to a graph K and
the other node corresponds to H. Hence, contracting the graph to H+ does
not destroy the cube. This graph is isomorphic to 8(Ga , Za  b). Therefore,
T $ is a single vertex. This proves the theorem in general. K
From this it is clear that to classify all 3-connected graphs that do not
contain a cube minor it suffices find a list, L, of all 8(H, 2H) that do not
contain a cube, where H is a 4-connected cubeless graph or isomorphic
to K4 . Any graph G=(T, 1, 6) is cubeless if every pair (G, 2G) # 1 is
contained in the list, L, by Theorem 9.4
To this end, the triangles of each of the 4-connected cubeless graphs, H,
that were found in the previous section must be examined. It must be deter-
mined which sets of triangles, T are such that 8(H, T) does not contain
a cube minor.
We analyze the graphs from the previous section in the following groups:
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1. X-Ladder graphs with at least 8 vertices,
2. minors of L(P10) with at least 8 vertices,
3. other 4-connected cubeless graphs with at least 8 vertices, and
4. 4-connected graphs with 7 or fewer vertices.
10. GOOD SETS OF TRIANGLES
Given a 4-connected cubeless graph H, a set T of triangles of H is called
a good set of triangles for H if 8(H, T) does not contain a Cube minor.
A set T is called a bad set of triangles for H if it is not a good set.
A triangle that by itself forms a bad set of triangles is called a bad triangle.
Let G be a 4-connected cubeless graph. Let 2G be a good set of triangles
for G. If Hm G, then the triangles in 2G that are also triangles of H are
called the set of triangles of H inherited from (G, 2G). This set is denoted
by I(G, 2G , H).
Lemma 10.1. Let 2G be a good set of triangles for some 4-connected
graph, G. If H is a 4-connected minor of G, then the set of triangles inherited
from (G, 2G) is a good set of triangles for H.
Proof. The proof is obvious since 8(G, 2G)m 8(H, 2H) and 8(G, 2G) is
cubeless. Therefore 8(H, 2H) is also cubeless and so I(G, 2G , H) is a good
set of triangles for H. K
It is not true in general that if 2G is a maximal good set of triangles of
G and Hm G that I(G, 2G , H) is maximal for H as well, but it is indeed
often the case.
Claim 10.2. For each even n6, the set of all triangles of L(Vn) is a
good set.
Proof. Let the set of all triangles of L(Vn) be called T. This follows
directly from Lemma 3.1 and Lemma 4.1 since the graph 8(L(Vn), T) is
isomorphic to the graph Vn with every edge subdivided and a triangle
placed on the neighbors of every cubic vertex. K
It is straightforward to find all the essential triangles of X-Ladder graphs
and to check that they are all bad triangles. See Maharry [7].
Theorem 10.3. Let G be an X-Ladder graph on at least eight vertices.
Then G has no good essential triangles.
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Now, consider the triangles of X-Ladder graphs that are nonessential in
the X-Ladder embedding.
Lemma 10.4. Let G be an X-Ladder graph with at least 7 vertices such
that [a, b, c] are vertices of a triangle T formed between a I-bridge and an
X-bridge. The triangle T is a bad triangle.
Proof. Let a, c, d, e be the feet of the X-bridge. Since G has at least
seven vertices, there must exist a vertex x on the (d, a)-arc of C. Assume
that the vertex, x of G is a foot of an X-bridge. Then without loss of
generality, one of the first two graphs in Fig. 11 is a minor of G. If none
of the bridges on x is an X-bridge, then the bridges of x must both land
either on e and y or on y and c, for some vertex y on the (e, c)-arc of C.
The second bridge on y can be minored on to either d or a, respectively.
Thus one of the second pair of graphs in Fig. 11 must be a minor of G.
Notice that in each of the four graphs, the triangle (abc) is bad. Hence it
is also bad in G. K
Theorem 10.5. Let G be an X-Ladder graph with |V(G)|8. Let
Gm L(Vn) for some n. Then I(L(Vn), T, G) is the unique maximal good
set of triangle for G.
Proof. First, by Theorem 10.3 there are no essential triangles of G that
are good, if |V(G)|8. Second, by Lemma 10.4 all triangles bounded by an
I-bridge and an X-bridge are bad. Finally, the set of all other triangles that
bound faces are inherited from some L(Vn). That set is a good set of
triangles by Lemma 10.1 and Claim 10.2. Therefore, it is the unique maximal
good set of triangles for G. K
Claim 10.6. The set of all triangles of L(P10) is a good set.
Proof. Let the set of all 10 triangles of P10 be P. The claim follows
directly from Lemmas 3.2 and 4.1 since 8(L(P10), P) is isomorphic to P101
FIG. 11. Bad triangles in X-Ladder graphs.
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with every edge subdivided and a triangle is placed on the neighbors of
every trivalent vertex. K
In the list of cubeless 4-connected graphs generated from K5 and the
Octahedron, there are
1. 27 minors of L(P10) that are not X-Ladder graphs but have at
least eight vertices,
2. eight graphs on at least eight vertices that are neither X-Ladder
graphs nor are they minors of L(P10), and
3. 26 graphs on fewer than eight vertices.
The maximal good sets of triangles for these graphs have been found
through a straightforward, though lengthy, case analysis (see Maharry [7]).
11. FINDING MAXIMAL LABELED 4-COMPONENTS
Given a 4-component tree-decomposition of G, (T, 1, 2), define the
labeled 4-components of G to be (Gv , T) \v # V(T ) where T=[Tv  u | u
adjacent to v in T]. A labeled 4-component (Gv , T) is cubeless if 8(Gv , T)
is cubeless.
Define a partial order ((G, T), 2), on these labeled 4-components as
follows: (H, TH)2 (K, TK) if and only if Hm K and the set of triangles
of TH is a subset of I(K, TK , H).
By the analysis carried out in the previous section, the following theorem
is true.
Theorem 11.1. The maximal cubeless labeled 4-components under the
partial order ((G, T), 2) are exactly those shown in Fig. 12. The underly-
ing 4-connected graphs are shown with the good set of triangles shaded or the
vertices of the triangle circled.
Notice that if each labeled 4-component of G is less than the correspond-
ing labeled 4-component of G$ under the partial order, 2 , then Gm G$.
Therefore, the following theorem is immediate.
Theorem 11.2. Any 3-connected cubeless graph is a minor of some graph
G with a 4-component tree-decomposition, (T, 1, 2) for which the cubeless
labeled 4-components are maximal under 2 .
Finally, the set of all cubeless graphs can be generated from 3-connected
cubeless graphs. This is a standard method for excluded minor theorems as
well as many other theorems in graph theory. (See, e.g., Tutte [11]).
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FIG. 12. The maximal labeled 4-components in 3-connected cubeless graphs.
Theorem 11.3. Every 2-connected cubeless graph can be generated from
all 3-connected cubeless graphs, circuits, and bonds by repeated 2-summing.
Theorem 11.4. Any cubeless graph can be generated from 2-connected
cubeless graphs, link graphs, loops, and isolated vertices by 0- and 1-summing.
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